1. Let 0 be a set, G, a <r-algebra of subsets of 0, and P a probability measure defined on Cfc, i.e. P is a nonnegative completely additive set function defined on a, with P(ti) = 1. If p is a number with 1 ^p < oo we shall denote as is usual the Banach space of measurable functions ƒ for which f \f\*dP< oo by Z p (0, Ct, P).
Let r be a transformation mapping 12 onto 0 which is 1-1 and bimeasurable, i.e. if ^LG® then TA = {y\ y = Tx for some x G ^} G Ö, and r-M = {y| TyG ^4} G a.
With these assumptions we have T n defined for every integer n as a 1-1, onto, bimeasurable transformation. Henceforth we shall assume that every set considered is measurable, i.e. an element of a. We shall say that P is invariant if P(A) =P(TA) for every set A, P is ergodic if P is invariant and if P(U^L_oo T n A) = 1 for every set A for which P(A) >0, and finally P is strongly mixing if P is invariant and
n for every pair of sets A, B. It is a consequence of the individual ergodic theorem that if P is invariant then P is ergodic if and only if
for every pair of sets A y B. Thus every strongly mixing measure is ergodic.
It is the object of this paper to show that the strong mixing condition is equivalent to the validity of the mean ergodic theorem for every L p space and every subsequence { T kn ) of the sequence { T n }. More precisely let p be a number with 1 Sp < °°, let/Gip(^, OE, P) and let {k n } be a sequence of distinct integers with lim w k n -<*>. Then we shall show that if P is strongly mixing we have
Conversely it is also true that this conclusion implies that P is strongly mixing.
The main interest of this result lies in the fact that in previous ergodic theorems, both of the individual and the mean type, it is assumed that the sequence of operators over which one averages forms a semigroup. This property can be dispensed with if one is willing to assume the strong mixing property.
2. We shall need several lemmas before proving the main result. The lemma now follows from the fact that it holds for p = 1, and if ƒ is a simple function then
is bounded uniformly in n.
THEOREM. P is strongly mixing if and only if for every number p with lg£<oo, every strictly increasing sequence of integers, and every fÇE.Lp(Q, a, P) we have
» J a\ n i^x J Q PROOF. Assume that P is strongly mixing. Let/G£ P (Q, OE, P) for some p, and let {k n } be a strictly increasing sequence of integers. It is clearly sufficient to prove the conclusion when ƒ is nonnegative and we shall assume this is the case. Then there exists a nondecreasing sequence {/ m } of simple functions such that lim w |/ m -ƒ) =0 almost everywhere. Let \\g\\ P be the L p norm of the function g. (A similar argument applies if
= f ƒ*(*) [-Ê ƒ*(!*'*) -P(ii)] <*P
•/ o Ln w J
-È/i(î*'*)-P(ii) which approaches zero. The theorem is proved. It is likely that the theorem may be generalized in the same direction that the mean ergodic theorem has been generalized, i.e. by considering more general operators. More interestingly, while the authors have partial results for the individual ergodic theorem, the question of whether the individual ergodic theorem holds for all subsequences in the case of strong mixing measures remains open.
